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Answer Key: 

1) D 

2) B 

3) C 

4) B 

5) A 

6) B 

7) C 

8) D 

9) A 

10) C 

11) C 

12) D 

13) A 

14) D 

15) B 

16) D 

17) C 

18) B 

19) C 

20) E 

21) B 

22) E 

23) B 

24) C 

25) A 

26) A 

27) D 

28) A 

29) B 

30) B 
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Solutions: 

1) Because every interior angle in a rectangle is 90 degrees, the sheep will clearly roam  

¾ of the circle of radius 4. However, because 4>3 there is another quarter circle of radius 

4-3=1 that the sheep roams. Hence the answer is 𝜋 (
3

4
(42) +

1

4
(12)) =

49𝜋

4
→ 𝐃 

2) The answer is simply 360-(107+94+89)=70 -> B 

3) Since the rectangle is being revolved about a side of length 5, the radius of the resultant 

cylinder is 3 with height 5. This gives a volume of 45𝜋 -> C 

4) Denote x to be the length of the side opposite to Sean’s wall. Since Sean’s wall is longer 

than the amount of total fencing he has, we know that the length of the wall will have no 

effect on the area of the rose garden (Essentially the wall won’t be so short that the 

maximum configuration is not possible). Now note that the other sides both have length 

50-x/2. Hence the area is 𝑥 (100 −
𝑥

2
) = 50𝑥 −

𝑥2

2
. Because this is a downward parabola, the 

maximum value occurs at the vertex or when x=50. Plugging this back in gives 1250 as the 

maximum area -> B 

5) Since 𝐴𝐵 = 𝐶𝐷, 𝐵𝐶 = 𝐴𝐷 → 2(𝐴𝐵 + 𝐵𝐶) = 18 → 𝐴𝐵 + 𝐵𝐶 = 9 → 𝐀 

6) Let Jake’s favorite quadrilateral be quadrilateral ABCD where the diagonals AC and BD 

meet at point E. Notice that: 

[𝐴𝐵𝐷] + [𝐵𝐶𝐷] =
(𝐵𝐷)(𝐴𝐸)

2
+

(𝐵𝐷)(𝐸𝐶)

2
=

(𝐵𝐷)(𝐴𝐶)

2
= [𝐴𝐵𝐶𝐷]. 

Thus, the answer is 100 -> B 

7) Refer to the same configuration as #6. To show that any of the sides are parallel more 

information is needed regarding the smaller angles in each of the 4 right triangles created. 

That being said however, the diagonals are of different length so the quadrilateral cannot 

be a rectangle. Similarly, the quadrilateral cannot be a square. This gives us 4 options -> C 

8) Simply by observation one can see one pair of two lines is parallel hence exactly two 

sides are parallel. Thus, trapezoid is the best option -> D 

9) We have two cases to consider. Either the sides of length 13 are opposite to each other 

or they are not. If they are then 8x+4=7x+5, so x=1. Otherwise 13=8x+4=7x+5. Clearly 

this system of equalities can never be satisfied, so the only value of x that works is x=1 A 

10) Let s be the side length of the square. We have 2s=30 so s=15. Hence area of the 
square is 225 -> C 
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11) Area is ½ times the product of the diagonals of a rhombus, so xy=12. Since diagonals    

are perpendicular, (
𝑥

2
)

2

+ (
𝑦

2
)

2

= 10 → 𝑥2 + 𝑦2 = 40 → 𝑥2 + 2𝑥𝑦 + 𝑦2 = 64 = (𝑥 + 𝑦)2.  

And so x+y=8.  C 

12) We know by power of a point theorem (AE)(EC)=(BE)(ED). Hence 84=6(ED) so 
ED=14  D 

13) Consider triangles AEB and AED. Notice they share the same height but ED is 7/3 
longer then EB 

Thus [𝐴𝐸𝐷] =
7[𝐴𝐸𝐵]

3
. Similarly, [𝐶𝐸𝐷] =

7[𝐶𝐸𝐵]

3
. 

Now Remark 
[𝐴𝐶𝐷]

[𝐴𝐵𝐶]
=

[𝐴𝐸𝐷]+[𝐶𝐸𝐷]

[𝐴𝐸𝐵]+[𝐶𝐸𝐵]
=

7

3
→ (

7

3
)

2

=
49

9
 which gives final answer 67 A 

14) Notice the “boundary” points of our curve is (-k,0), (k,0), (0, k) and (0,-k). Hence this is 

a square with side length 𝑘√2 and area 2𝑘2 

So we want 
2(2020)(2021)(4041)

6
 𝑚𝑜𝑑 (1000) =

2(20)(21)(41)

6
 𝑚𝑜𝑑 (1000) = 2(10)(7)(41) =

740 𝑚𝑜𝑑 1000 -> D 

15) We can see that both triangles are 3-4-5 triangles. Using the formula, 
A=(inradius)(semiperimeter) we can compute the radius of C1 and C2 to be 1. 

Now Set rectangle ABCD on the coordinate plane such that AD lies on the positive y axis, CD 
lies on the positive x axis and D is the origin. Because C1 is tangent to both the y and x axis, 
it follows that the coordinate of O1 is (r,r) where r is the radius of C1. Using a similar 
argument, we can show that the coordinate of O2 is (4-r, 3-r). We’ve already computed that 
r=1. Hence 𝑑2 = (3 − 1)2 + (2 − 1)2 = 5 → 𝐁 

16) 200=side2  so side=10√2 .  The diagonal is equal to the diameter -> 20√2. D 

17) As an example, if we shift segment AB 3 units to the right along AC, then A will land on 
C and B will land on one possibility of D. We can verify that this satisfies the properties of a 
parallelogram because one pair of sides is both parallel and congruent. Repeat this on all 
sides of the triangle to get the points (5,6),(1,0),(-1,6). The sum of all those coordinates is 
17. -> 𝐂 

18) Let the interior angles be given by 𝑎°, 𝑏°, 𝑐°, 𝑑°. We know 𝑎 + 𝑏 + 𝑐 + 𝑑 = 360, and we 
want (180 − 𝑎) + (180 − 𝑏) + (180 − 𝑐) + (180 − 𝑑) = 720 − (𝑎 + 𝑏 + 𝑐 + 𝑑) = 360°. B 

19) Let x be the radius of the circle and the external tangent segments will be x, 6-x, 6-x, 
4+x, 4+x and x.   Since the bottom is also 8, 2x+4=8 and x=2. That makes the area of one 
circle. Notice if you move the shaded region on the bottom to the top, then the area of the 
shaded region is the area of the right triangle minus the circle. Area is 24 − 4𝜋 → C 
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20)  Let s, denote the length of the shorter base and let h denote lengths of the height of the 
trapezoid. Drop perpendiculars from the top vertices to the longer base of the trapezoid. 
This results in a 𝑠 ∗ ℎ rectangle with a right triangle on each side of the rectangle. Each right 

triangle has  legs of length ℎ and 
10−𝑠

2
. Using Pythagorean theorem we have: 

25 = ℎ2 +
(10 − 𝑠)2

4
 

We also know that s is an integer. From here it is easy to show there are more than 3 values 
of s that satisfy the equation and hence we are done. Simply plugging in s=1,2,3,4 give a 
positive real number solution to the equation for height hence giving a unique area. 

Thus the answer is E. 

21) We begin by finding the dimensions of the box. The base of the box will be a rectangle 
as well. However,  2 units is cut off at each corner in both dimensions which means 4 units 
will be cut off from each dimension. Hence the base of the box is a 6 by 2 rectangle. The 
height will be 2 units as the squares are truncated 2 units into each dimension before being 
folded up. This results in a 6 by 2 by 2 box. Using the formula for the area of the surface 
area of a standard box we have 

𝑆𝐴 = 2(2(6) + 2(2) + 6(2)) = 56 

However. this is an open top box so we have to remove the area of the top base. 

Hence the answer is 56 − 6(2) = 44. B 

22) Define E to be the intersection point of diagonals AC and BD. Because ABCD is a kite we 
know that the diagonals are perpendicular, and that diagonal BD is bisected by AC. Now set 
𝐵𝐸 = 𝐸𝐷 = 𝑎, 𝐴𝐸 = 𝑏. 𝐶𝐸 = 𝑐. Using Pythagorean theorem, we have that: 

𝑎2 + 𝑏2 = 25, 𝑐2 + 𝑎2 = 169 → 𝑐2 − 𝑏2 = 144 → (𝑐 − 𝑏)(𝑐 + 𝑏) = 144.  

From the question we know that 𝑏 + 𝑐 is an integer. Also, because BE is a leg of right triangle ABE 

and EC is a leg of right triangle EBC we have that 𝑏 < 5, 𝑐 < 13. However, we have 𝑐2 = 144 + 𝑏2  
which implies 𝑐 > 12 , a clear contradiction. Thus, there are 0 possible values E 

23) Since the diagonals of a rectangle are congruent, we have 𝑙2
2 + 𝑙1

2 = 2𝑙1
2. Now let b be the base of 

rectangle and let h be the height. We have 2(𝑏 + ℎ) = 18, 𝑏ℎ = 8. By Pythagorean theorem we have 

𝑙1
2 = 𝑏2 + ℎ2 = (𝑏 + ℎ)2 − 2𝑏ℎ = 65 → 2(𝑙1

2 + 𝑙2
2) = 130 → 𝐁 

24) Notice 242 + 962 = 602 + 802 = 1002 so our cyclic quadrilateral is comprised of two right 

triangles and the circumradius of the quadrilateral is 100. 

Hence the answer is 
1

2
((24)(96) + (60)(80)) = 3552 → 𝐂 

25. Since 𝐴𝐵 ∥ 𝐷𝐸 we have ∠𝐴𝐵𝐶 = ∠𝐵𝐶𝐸 by alternate interior angles. Moreover, since ABCD is a 

parallelogram we have ∠𝐴𝐷𝐶 = ∠𝐴𝐵𝐶 → 4𝑥 − 3 = 3𝑥 + 17 → 𝑥 = 20 𝐀 
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26) Because we are dealing with distances, the side length of the square is irrelevant to compute 

the probability. Hence let the side length of S be 2. Now place S on the coordinate plane with A at 

the origin and the center of S, C at the point (1,1). Notice by symmetry we can compute the 

probability inside the region bound by the lines y=0 ,y=1, x=0, x=1 and that will be the entire 

probability. Denote 𝑃: (𝑥, 𝑦). Then by using the distance formula we have: 

√(𝑥 − 1)2 + (𝑦 − 1)2 < √𝑥2 + 𝑦2 → 𝑥2 − 2𝑥 + 𝑦2 − 2𝑦 + 2 < 𝑥2 + 𝑦2 → 𝑥 + 𝑦 > 1; 

Now graphing this region our desired answer is simply the triangle with vertices (1,0), (1,1) and 

(0,1) which has area ½ . Dividing this by the total region which is the unit square of area 1 gives ½ -

> A 

27. We have  

2𝑥 + 3 + 𝑥 + 1 + 4𝑥 + 1 + 5𝑥 − 2 = 39 → 12𝑥 + 3 = 39 → 𝑥 = 3 → 5(3) − 2 = 13 → 𝐃 

28.  The first statement is not true as trapezoids are specifically defined to have ONLY ONE pair of 

opposite sides that are parallel. The 2nd statement is true. Note that the definition of a kite is that a 

kite has perpendicular diagonals and that at least one diagonal is bisected. In a square both 

diagonals are bisected, and the diagonals are perpendicular so the result follows. The third 

statement is false because the definition of a concave quadrilateral is when one interior angle is 

more than 180 degrees, but because adjacent angles of a parallelogram sum to 180 degrees this 

implies one of the angles must be negative, which is clearly absurd. The last statement is also false. 

Although rhombi have equal sides, the interior angles do not necessarily have to be all equal (when 

they are that is a square.) Hence one statement is true A 

29. Each equilateral triangle has area 
32√3

4
 hence the requested area is simply triple that -> B  

30) B by definition. 
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